Abstract. We give a survey on the different regularity properties of sectorial operators on Banach spaces. We present the main results and open questions in the theory and then concentrate on the known methods to construct various counterexamples.
Introduction
By now sectorial operators play a central role in the study of abstract evolution equations. Moreover, in the past decades certain sectorial operators with additional properties have become important both from the point of view of operator theory and partial differential equations. We call these additional properties regularity properties of sectorial operators. Very important examples are the boundedness of the H ∞ -calculus or the imaginary powers, R-sectoriality and -in the case that the sectorial operator generates a semigroup -the property of having a dilation to a group. This survey is intended as a quick guide to these properties and the main results and open questions in this area. A particular emphasis is thereby given to the presentation of various methods to construct counterexamples.
In the first section we introduce all aforementioned properties and list the main results. In particular we will see that on L p for p ∈ (1, ∞) and on more general Banach spaces the following implications hold: loose dilation ⇒ bounded H ∞ -calculus ⇒ BIP ⇒ R-sectorial and all of them imply sectoriality by their mere definitions. Our main goal in the sections thereafter is to give explicit counterexamples which show that for each of the above properties the converse implication ⇐ does not hold. We present different approaches to construct such counterexamples. The first one is well-known and the most far-reaching and uses Schauder multipliers. In [Fac13] and [Fac14] this approach has been developed further to give the first explicit example of a sectorial operator on L p which is not R-sectorial. The second approach uses a theorem of S. Monniaux to give examples of sectorial operators with BIP which do not have a bounded H ∞ -calculus. Finally, we study the regularity properties on exotic Banach spaces and show how Pisier's counterexample to the Halmos problem can be used to give an example of a sectorial operator with a bounded H ∞ (Σ π 2 + )-calculus which does not have a dilation. Moreover, we meet and motivate open problems in the theory and formulate them separately whenever they arise.
Main Definitions and Fundamental Results
In this section we give the definitions of the regularity properties to be considered later. Further, we present the main results for these regularity classes. Our leitmotif is to present all results in the most general form that does not involve the introduction of new concepts apart from the main ones. We hope that this allows the reader to see the main ideas clearly without getting himself lost in details. For further information we refer to [KW04] , [DHP03] and [Haa06] . Furthermore we make the following convention.
Convention 2.1. All Banach spaces are assumed to be complex.
2.1. Sectorial Operators. We begin our journey with sectorial operators. For ω ∈ (0, π) we denote by Σ ω := {z ∈ C \ {0} : |arg(z)| < ω} the open sector in the complex plane with opening angle ω, where our convention is that arg z ∈ (−π, π]. One defines the sectorial angle of A as ω(A) := inf{ω : (S ω ) holds}.
Remark 2.3. The above definition automatically implies that A is injective. The definition of sectorial operators varies in the literature. Some authors do not require a sectorial to be injective or to have dense range. Others even omit the density of the domain. We give this strict definition to reduce technical difficulties when dealing with bounded imaginary powers and bounded H ∞ -calculus. For a very general treatment avoiding unnecessary restrictions in the development as far as possible see the monograph [Haa06] .
R-Sectorial
Operators. In the study of L p -maximal parabolic regularity culminating in the work [Wei01b] an equivalent characterization of maximal L pregularity in terms of a stronger sectoriality condition has become very useful both for theory and applications. This condition is called R-sectoriality. We will exclusively treat this condition from an operator theoretic point of view and refer to [KW04] and [DHP03] for the connection with non-linear parabolic partial differential equations.
Let r k (t) := sign sin(2 k πt) be the k-th Rademacher function. Then on the probability space ([0, 1], B([0, 1]), λ), where B([0, 1]) is the Borel σ-algebra on [0, 1] and λ denotes the Lebesgue measure, the Rademacher functions form an independent identically distributed family of random variables satisfying P(r k = ±1) = 1 2 . Definition 2.4 (R-Boundedness). A family of operators T ⊆ B(X) on a Banach space X is called R-bounded if for one p ∈ [1, ∞) (equiv. all p ∈ [1, ∞) by the Khintchine inequality) there exists a finite constant C p ≥ 0 such that for each finite subset {T 1 , . . . , T n } of T and arbitrary x 1 , . . . , x n ∈ X one has
.
(2.1)
The best constant C p such that (2.1) holds is called the R-bound of T and is denoted (for an implicitely fixed p) by R(T ).
Furthermore we denote by Rad(X) the closed span of the functions of the form
. The R-bound behaves in many ways similar to a classical norm. For example, if S is a second family of operators, one sees that (if the operations make sense)
R(T + S) ≤ R(T ) + R(S), R(T S) ≤ R(T )R(S).
Note that by the orthogonality of the Rademacher functions in L 2 ([0, 1]) a family T ⊆ B(H) for some Hilbert space H is R-bounded if and only if T is bounded in operator norm. In fact, an R-bounded subset T ⊆ B(X) for a Banach space X is clearly always norm-bounded and one can show that the converse holds if and only if X is isomorphic to a Hilbert space [AB02, Proposition 1.13]. Now, if one replaces norm-boundedness by R-boundedness, one obtains the definition of an R-sectorial operator.
Definition 2.5 (R-Sectorial Operator). A sectorial operator on a Banach space X is called R-sectorial if for some ω > ω(A) one has
One defines the R-sectorial angle as ω R (A) := inf{ω :
By definition one has ω(A) ≤ ω R (A). In Hilbert spaces an operator is sectorial if and only if it is R-sectorial. In this case the equality ω(A) = ω R (A) holds. There are examples of sectorial operators A on Banach spaces for which one has the strict inequalities ω(A) < ω R (A) < ∞. For this see the examples cited in Section 2.3 and use the fact that ω R (A) = ω H ∞ (A) on UMD-spaces. However, the following problem seems to be open.
In general Banach spaces R-sectorial operators clearly are sectorial, the converse question whether every sectorial operator is R-sectorial will be explicitly answered negatively in Theorem 3.18.
Bounded H
∞ -Calculus for Sectorial Operators. In complete analogy to the Dunford functional calculus for bounded operators one can define a holomorphic functional calculus for sectorial operators. This goes back to the work [McI86] in the Hilbert space case and to [CDMY96] in the Banach space case. We start by introducing the necessary function spaces. Definition 2.6. For σ ∈ (0, π) we define
Now let A be a sectorial operator on a Banach space X and σ > ω(A). Then for
This is well-defined by the growth estimate on f and by the invariance of the contour integral and induces an algebra homomorphism H ∞ 0 (Σ σ ) → B(X). One can show that this homomorphism can be extended to a bounded homomorphism on H ∞ (Σ σ ) satisfying a continuity property similar to the one in Lebesgue's dominated convergence theorem if and only if the homomorphism
is bounded. This leads us to the next definition.
The infimum of the σ for which this homomorphism is bounded is denoted by ω H ∞ (A). We say that A has a bounded
One can extend the functional calculus to the broader class of holomorphic functions on Σ σ with polynomial growth [KW04, Appendix B]. Of course, the so obtained operators cannot be bounded in general. Note that it follows directly from the definition that one always has ω(A) ≤ ω H ∞ (A) for a sectorial operator A. Moreover, there exist examples of sectorial operators A for which the strict inequalities ω(A) < ω H ∞ (A) < ∞ hold: in [Kal03] N.J. Kalton gives an example on a uniformly convex space and in the unpublished manuscript [KWa] there is an example on a subspace of an L p -space by the same author.
There is a close connection to R-boundedness and R-sectoriality. A Banach space X is said to have Pisier's property (α) (as introduced in [Pis78] ) if there is a constant C ≥ 0 such that for all n ∈ N, all n × n-matrices [x ij ] ∈ M n (X) of elements in X and all choices of scalars [α ij ] ∈ M n (C) one has
We remark that L p -spaces have Pisier's property (α) for p ∈ (1, ∞). A proof of the following theorem can be found in [KW04, Theorem 12.8].
Theorem 2.8. Let X be a Banach space with Pisier's property (α) and A a sectorial operator on X with a bounded H ∞ (Σ σ )-calculus for some σ ∈ (0, π). Then for all σ ′ ∈ (σ, π) and all C ≥ 0 the set
Note that this also implies under the above assumptions that a sectorial operator with a bounded H ∞ -calculus is R-sectorial. This can also be proved under the following weaker assumption on the Banach space [KW01, Theorem 5.3]. A Banach space X has property (∆) if there is a constant C ≥ 0 such that for all n ∈ N and all n × n-matrices [x ij ] ∈ M n (X) one has
Theorem 2.9. Let X be a Banach space with property (∆). Further let A be a sectorial operator on X with a bounded
The above theorem can be seen as a generalization of the result that a sectorial operator with a bounded H ∞ -calculus on a Hilbert space satisfies ω(A) = ω H ∞ (A). In particular, the example for the strict inequality ω H ∞ (A) < ω(A) on a subspace of L p gives the same strict inequality for the R-sectorial angle ω R (A).
It is an important and natural question to ask which classes of sectorial operators have a bounded H ∞ -calculus. In the Hilbert space case one has the following characterization.
Theorem 2.10. Let A be a sectorial operator on a Hilbert space such that −A generates a contractive analytic C 0 -semigroup. Then A has a bounded H ∞ -calculus with ω H ∞ (A) = ω(A) < The first implication follows from the existence of a dilation to a C 0 -group as discussed in Section 3 and the fact ω H ∞ (A) = ω(A), the second implication is a result of C. Le Merdy [LM98, Theorem 1.1]. There is an analogue in the L p -case.
Theorem 2.11. Let p ∈ (1, ∞) and A be a sectorial operator on an L p -space L p (Ω) such that −A generates a contractive positive analytic C 0 -semigroup. Then A has a bounded H ∞ -calculus with ω [Arh13] . We note that there exists a 2 × 2-matrix counterexample to Matsaev's conjecture for the case p = 4 which was obtained with the help of numerics [Dru11] , but an analytic approach is missing. Definition 2.12 (Bounded Imaginary Powers (BIP)). A sectorial operator on a Banach space X is said to have bounded imaginary powers (BIP) if for all t ∈ R the operator A it associated to the functions λ → λ it via the holomorphic functional calculus is bounded.
Bounded Imaginary Powers (BIP)
In this case (A it ) t∈R is a C 0 -group on X with generator i log A [Haa06, Corollary 3.5.7]. The growth of the C 0 -group (A it ) t∈R is used to define the BIP-angle.
Definition 2.13. For a sectorial operator A on some Banach space with bounded imaginary powers one defines
If A does not have bounded imaginary powers, we set ω BIP (A) := ∞.
Let A be a sectorial operator with a bounded H ∞ (Σ σ )-calculus for some σ ∈ (0, π). Then one has
for all λ ∈ Σ σ . This shows that a bounded H ∞ -calculus for A implies that A has bounded imaginary powers with ω BIP (A) ≤ ω H ∞ (A). A less obvious fact is that BIP implies R-sectoriality on UMD-spaces [DHP03, Theorem 4.5]. A Banach space is called a UMD-space if the vector-valued Hilbert transform is bounded on L 2 (R; X). There are more equivalent definitions of UMD-spaces. For details we refer to [Bur01] and [RdF86] . We only note the following: if X is a UMD-space, then so is L p (Ω; X) for all measure spaces Ω and p ∈ (1, ∞). In particular, L p (Ω) is UMD. Moreover, every UMD-space has property (∆), but not every UMD-space has Pisier's property (α).
Theorem 2.14. Let A be a sectorial operator with bounded imaginary powers on a UMD-space. Then A is R-sectorial with ω R (A) ≤ ω BIP (A).
In particular this implies that a sectorial operator A on a UMD-space with a bounded 2.5. Sectorial Operators which have a Dilation. A further regularity property which is not so inherent to sectorial operators but nevertheless very important for their study is the existence of group dilations. This powerful concept goes back to B. Sz.-Nagy. For a detailed treatment of dilation theory on Hilbert spaces see [SNFBK10] . In particular one has the following result [SNFBK10, Theorem 8.1].
Theorem 2.15. Let (T (t)) t≥0 be a C 0 -semigroup on a Hilbert space H. Then there exists a second Hilbert space K, an embedding J : H → K, an orthogonal projection P : K → H and a unitary group (U (t)) t≥0 on K with
It follows from the spectral theory of normal operators that the negative generator of (U (t)) t∈R and therefore also the negative generator of (T (t)) t≥0 has a bounded H ∞ -calculus for all angles bigger than π 2 . Hence, using the fact that ω(A) = ω H ∞ (A) we have found a proof of the first part of Theorem 2.10. More generally, we have seen the following.
Corollary 2.16. Let A be a sectorial operator on a Hilbert space such that −A generates a contractive C 0 -semigroup. Then A has a bounded H ∞ -calculus with
It is now time to give a precise definition of semigroup dilations on general Banach spaces. We follow the terminology used in [AM14] .
Definition 2.17. Let (T (t)) t≥0 be a C 0 -semigroup on some Banach space X. Further let X denote a class of Banach spaces. We say that (i) (T (t)) t≥0 has a strict dilation in X if for some Y in X there are contractive linear operators J : X → Y and Q : Y → X and an isometric C 0 -group (U (t)) t∈R on Y such that
(ii) (T (t)) t≥0 has a loose dilation in X if for some Y in X there are bounded linear operators J : X → Y and Q : Y → X and a bounded C 0 -group (U (t)) t∈R on Y such that
Note that in the above terminology Theorem 2.15 shows that every contractive C 0 -semigroup on a Hilbert space has a strict dilation in the class of all Hilbert spaces. The main connection with the other regularity properties is the following observation.
Proposition 2.18. Let A be a sectorial operator on a Banach space X such that −A generates a C 0 -semigroup which has a loose dilation in the class of all UMDBanach spaces. Then A has a bounded H ∞ -calculus with ω H ∞ (A) ≤ π 2 . This follows from the transference principle of R.R. Coifman and G. Weis developed in [CW76] which reduces the assertion to the case of the vector-valued shift group on L p (R; Y ) for some UMD-space Y which can be shown directly with the help of the vector-valued Mikhlin multiplier theorem [Zim89, Proposition 3].
On L p -spaces for p ∈ (1, ∞) one has the following characterization of strict dilations. A bounded linear operator T :
Theorem 2.19. Let (T (t)) t≥0 be a C 0 -semigroup on some σ-finite L p -space for p ∈ (1, ∞) \ {2}. Then (T (t)) t≥0 has a strict dilation in the class of all σ-finite L pspaces if and only if (T (t)) t≥0 is a semigroup consisting of subpositive contractions.
Every C 0 -semigroup of subpositive contractions on L p for p ∈ (1, ∞) \ {2} has a strict dilation by Fendler's dilation theorem [Fen97] . For the converse it suffices to show that for a strict dilation T (t) = QU (t)J all the operators U (t), J and Q are subpositive contractions (notice that J and Q * are isometries). For the first two this essentially follows from the Banach-Lamperti theorem [FJ03, Theorem 3.2.5] on the structure of isometries on L p -spaces, for the third as well if applied to the adjoint Q * . However, there is no characterization of semigroups on L p with a loose dilation.
Problem 6. Characterize those semigroups on L p which have a loose dilation in the class of all L p -spaces.
For a more concrete discussion in the setting of discrete semigroups see [AM14, Section 5]. We also do not know whether the following extension of Fendler's dilation theorem to UMD-spaces holds. Recall that by Proposition 2.18 a C 0 -semigroup (T (t)) t≥0 on a UMD-space with generator −A that has a loose dilation has a bounded H ∞ -calculus with ω H ∞ (A) ≤ Its proof uses square function techniques which we do not cover here, for an overview we refer to [LM07] .
Theorem 2.20. Let A be a sectorial operator on a UMD-space X with ω H ∞ (A) < π 2 . Then the semigroup (T (t)) t≥0 generated by −A has a loose dilation to the space
This shows that on UMD-spaces the existence of loose dilations and of a bounded H ∞ -calculus are equivalent under the restriction ω R (A) < π 2 . However, we will see in Section 5 that there exists a semigroup generator −A on a Hilbert space with ω R (A) = ω(A) = π 2 that does not have a loose dilation. So in general the existence of a dilation is a strictly stronger property than the existence of a bounded H ∞ -calculus.
Counterexamples I: The Schauder Multiplier Method
In this section we develop the most fruitful known method to construct systematically counterexamples: the Schauder multiplier method. This method was first used in [BC91] and [Ven93] in the context of sectorial operators to give examples of sectorial operators without bounded imaginary powers. After dealing with H ∞ -calculus and bounded imaginary powers, we present a self-contained example of a sectorial operator on L p which is not R-sectorial.
3.1. Schauder Multipliers. We start our journey by giving the definition of Schauder multipliers and by studying its fundamental properties. After that we show how Schauder multipliers can be used to construct (analytic) semigroups. From now on we need some background from Banach space theory. We refer to [AK06] , [FHH + 11] , [LT77] and [Sin70] .
Definition 3.1 (Schauder Multiplier). Let (e m ) m∈N be a Schauder basis for a Banach space X. For a sequence (γ m ) m∈N ⊂ C the operator A defined by
is called the Schauder multiplier associated to (γ m ) m∈N .
3.1.1. Basic Properties of Schauder Multipliers. We now discuss some properties of Schauder multipliers whose proofs can be found in [Haa06, Section 9.1.1] and [Ven93] .
Proposition 3.2. The Schauder multiplier A associated to a sequence (γ m ) m∈N is a densely defined closed linear operator.
A central problem in the theory of Schauder multipliers is to determine for a given Schauder basis (e m ) m∈N the set of all sequences (γ m ) m∈N for which the associated Schauder multiplier is bounded. In general, it is an extremely difficult problem to determine this space exactly. For example, the trigonometric basis is a Schauder basis for L p ([0, 1]) for p ∈ (1, ∞). In this particular case the above problem asks for a characterization of all bounded Fourier multipliers on L p .
However, some elementary general properties of this sequence space can be obtained easily. In what follows let BV be the Banach space of all sequences with bounded variation. Proposition 3.3. Let (e m ) m∈N be a Schauder basis for a Banach space X. Then there exists a constant K ≥ 0 such that every (γ m ) m∈N ∈ BV the Schauder multiplier A associated to (γ m ) m∈N with respect to (e m ) m∈N is bounded and satisfies
Conversely, if A is a bounded Schauder multiplier associated to some sequence (γ m ) m∈N , then (γ m ) m∈N is bounded.
Remark 3.4. In general the above result is optimal. For if X = BV , then (e m ) m∈N0 defined by e 0 as the constant sequence 1 and e m = (δ mn ] ).
The next proposition shows that Schauder bases allow us to construct systematically strongly continuous semigroups (with unbounded generators) on the underlying Banach spaces. 
Sectorial Operators without a Bounded H
∞ -calculus. In this subsection we apply the so far developed methods to give examples of sectorial operators without a bounded H ∞ -calculus. The first example was given in [MY90] . The elegant approach of this section goes back to [Lan98] and [LM99] .
One can easily show that one cannot obtain examples of sectorial operators without a bounded H ∞ -calculus by using Schauder multipliers with respect to an unconditional basis. However, one can produce counterexamples from Schauder multipliers with respect to a conditional basis.
Theorem 3.6. Let (e m ) m∈N be a conditional Schauder basis for a Banach space X. Then the Schauder multiplier A associated to the sequence (2 m ) m∈N is a sectorial operator with ω(A) = 0 which does not have a bounded H ∞ -calculus.
Proof. By Proposition 3.5 everything is already shown except for the fact that A does not have a bounded H ∞ -calculus. For this observe that for each f ∈ H ∞ (Σ σ ) for some σ ∈ (0, π) the operator f (A) is given by the Schauder multiplier associated to the sequence (f (γ m )) m∈N . Now assume that A has a bounded H ∞ (Σ σ )-calculus for some σ ∈ (0, π). By [Haa06, Corollary 9.1.6] on the interpolation of sequences by holomorphic functions, for every element in ℓ ∞ there exists an f ∈ H ∞ (Σ σ ) such that (f (2 m )) m∈N is the desired sequence. This means that every element in ℓ ∞ defines a bounded Schauder multiplier. However, this means that (e m ) m∈N is unconditional in contradiction to our assumption.
Corollary 3.7. Let X be a Banach space that admits a Schauder basis. Then there exists a sectorial operator A with ω(A) = 0 that does not have a bounded H ∞ -calculus.
Proof. Every Banach space which admits a Schauder basis does also admit a conditional Schauder basis [AK06, Theorem 9.5.6]. Then the result follows directly from Theorem 3.6.
Next we give a concrete example of a sectorial operator of the above form which has boundary imaginary powers but no bounded H ∞ -calculus. This goes back to G. Lancien [Lan98] (see also [LM99] ).
Example 3.8. We consider the trigonometric system (e imz ) m∈Z enumerated as (0, −1, 1, −2, . . .) which is a conditional basis of L p ([0, 2π]) for p ∈ (1, ∞)\{2} [LT79, Theorem 2.c.16]. We can then consider the Schauder multiplier A associated to the sequence (2 m ) m∈Z . As a consequence of the boundedness of the Hilbert transform on L p one can consider the operator separately on the two complemented parts with respect to the decomposition
Observe that A has a bounded H ∞ -calculus if and only if both parts have a bounded H ∞ -calculus. It then follows from Proposition 3.3 and Proposition 3.5 that A is a sectorial operator with ω(A) = 0 which by Theorem 3.6 (applied to the second part) does not have a bounded H ∞ -calculus. We now show that A has bounded imaginary powers with ω BIP (A) = 0. For this we observe that where (S(t)) t∈R is the periodic shift group on L p ([0, 2π]).
We will study examples of the above type more systematically in Section 4.
Sectorial Operators without BIP.
Similarly to the case of the bounded H ∞ -calculus one can use Schauder multipliers to construct sectorial operators which do not have bounded imaginary powers. We start with a weighted version of Example 3.8 which gives an example of an R-sectorial operator without bounded imaginary powers, a discrete version of the counterexample [KW04, Example 10.17]. However, before we need to state some facts on harmonic analysis and A p -weights.
It is a natural question to ask for which weights w the trigonometric system is a Schauder basis for the space L p ([0, 2π], w). Indeed, a complete characterization of these weights is known. We identify the torus T with the interval [0, 2π) on the real line and functions in L p ([0, 2π]) with their periodic extensions or with L p -functions on the torus. 
The set of all A p -weights is denoted by A p (R). Moreover, we set in the periodic case A p (T) := {w ∈ A p (R) : w is 2π-periodic}.
For a detailed treatment of these weights and their applications in harmonic analysis we refer to the monograph [Ste93, Chapter V]. As an example the 2π-periodic extension of the function t → |t| α for α ∈ R lies in A p (T) if and only if Consequently for λ k = a2 l k e iθ with k ∈ {1, . . . , n} and
by Kahane's contraction principle. Now it is easy to check that for every θ 0 > 0 the sequences ( By the same calculation as in Example 3.8 the operator A it for t ∈ R is given by S(t log 2) on the dense set of trigonometric polynomials, where (S(t)) t∈R is the periodic shift group. Notice however that for example for w(t) = |t| α for a suitable chosen α ∈ R such that w ∈ A p (T) this group obviously does not leave L p ([0, 2π], w) invariant. Hence, A does not have bounded imaginary powers.
3.4. Sectorial Operators which are not R-Sectorial. We now present a selfcontained example of a sectorial operator on L p which is not R-sectorial based on [Fac13] . In order to do that we need to study some geometric properties of L p -spaces.
A key role in what follows is played by L p -functions which stay away from zero in a sufficiently large set. More precisely, for p ∈ [1, ∞) and ε > 0 we consider
Functions in these sets have a very important summability property which is comparable to the L 2 -case. For the proofs of the next two lemmata we follow closely the main ideas in [Sin70, §21] .
Proof. Since p ∈ [2, ∞), it follows from Hölder's inequality that for all f ∈ L p ([0, 1]) one has f 2 ≤ f p . This shows that the series Hence,
Together with the summability shown above this yields
The next lemma shows that unconditional basic sequences formed out of elements in M for some constant C > 0. From this it is immediate that the sequence of partial sums (
For the following counterexample on L p -spaces our starting point is a particular basis given by the Haar system. Definition 3.14. The Haar system is the sequence (h n ) n∈N of functions defined by h 1 = 1 and for n = 2 k + s (where k = 0, 1, 2, . . . and s = 1, 2, . . . , 2 k ) by . Of course, we can always work with (h m / h m p ) m∈N instead which is a normalized basis. It is however important to note that the normalization constant h m p = 2 −k/p depends on p and we can therefore not simultaneously normalize (h m ) m∈N on the L p -scale. This crucial point was overlooked in [Fac13] .
The following proposition is used to transfer the R-boundedness of a sectorial operator to the boundedness of a single operator. This approach is closely motivated by the work [AB03] .
Proposition 3.16. Let A be an R-sectorial operator. Then there exists a constant C ≥ 0 such that for all (q n ) n∈N ⊂ R − the associated operator R :
r n q n R(q n , A)x n defined on the finite Rademacher sums extends to a bounded operator on Rad(X) with operator norm at most C.
Proof. If A is R-sectorial, one has C := R{λR(λ, A) : λ ∈ R − } < ∞. Hence, for all finite Rademacher sums we have by the definition of R-boundedness
r n x n .
One now uses the freedom in the choice of the sequence (q n ) n∈N . This is done in the following elementary lemma. We will see its usefulness very soon.
−1 ] on R + . Then d has a maximum bigger than 1 2 γm−γm−1 γm+γm−1 . Proof. By the mean value theorem we have for some ξ ∈ (γ m−1 , γ m ) and all t > 0 that
One now easily verifies that the function t → (γ m − γ m−1 ) t (t+γm) 2 has a unique maximum for t = γ m . In particular one has
We can now give examples of sectorial operators on L p which are not R-sectorial.
with ω(A) = 0 which is not R-sectorial.
Proof. Until the rest of the proof let (h m ) m∈N denote the normalized Haar system on L p ([0, 1]). Choose a subsequence (m k ) k∈N ⊂ 2N such that the functions h m k have pairwise disjoint supports. Then (h m k ) k∈N is an unconditional basic sequence equivalent to the standard basis of ℓ p . Indeed, for any finite sequence a 1 , . . . , a N we have by the disjointness of the supports
Choose a permutation of the even numbers such that π(4k) = m k . We now define a new system (f m ) m∈N as 
Proposition 3.5 shows that A is sectorial with ω(A) = 0. The basic sequences (h π(4m) ) m∈N and (h 4m+1 ) m∈N are not equivalent: assume that the two basic sequences are equivalent. Then on the one hand for (h 4m+1 ) m∈N the block basic sequence
satisfies for k ≥ 2 by the disjointness of the summands
Moreover, on the non-vanishing part b k satisfies |b k (t)| = 2 k/p for k ≥ 2. Hence, for the normalized block basic sequence
Therefore we have
for ε ≤ 2 2/p . In particular for ε ≤ 1 4 we haveb k ∈ M p ε for all k ≥ 2. By Lemma 3.13 this implies that (b k ) k≥2 is equivalent to the standard basis in ℓ 2 .
Since we have assumed that the basic sequence (h π(4k) ) k∈N is equivalent to (h 4k+1 ) k∈N , the block basic sequence (c k ) k≥2 defined by
is seminormalized. Recall that (h π(4m) ) m∈N is equivalent to the standard basis of ℓ p . Since all semi-normalized block basic sequences of ℓ p are equivalent to the standard basis of ℓ p [AK06, Lemma 2.1.1], the sequence (c k ) k≥2 is equivalent to the standard basis of ℓ p . Altogether we have shown that the standard basic sequences of ℓ p and ℓ 2 are equivalent, which is obviously wrong. In particular, the above arguments show that there is a sequence (a m ) m∈N which converges with respect to (h π(2m) ) m∈N but not with respect to (h 2m+1 ) m∈N . Now assume that A is R-sectorial. Let (q m ) m∈N ⊂ R − be a sequence to be chosen later. Then it follows from Proposition 3.16 that the operator R : 1]) ) associated to the sequence (q n ) n∈N is bounded. We now show that
converges by the unconditionality of the basic sequence (h π(2m) ) m∈N as r m (ω) ∈ {−1, 1}. Hence, the above series defines a measurable function as the pointwise limit of measurable functions. Moreover, if K denotes the unconditional constant of (h π(2m) ) m∈N , one has for each ω ∈ [0, 1]
This shows that the series (
Using an analogous estimate as (3.2) one sees that the sequence of partial sums Rad(L p ([0, 1]) ). We now apply R to x. Because of h π(2m) = f 2m − f 2m−1 we obtain
We now want to choose (q m ) m∈N in such a way that the last term in the bracket is big. Notice that if we set γ m = 2 m , then by Lemma 3.17 for t = γ 2m one has
. Hence, for the choice q m = −γ 2m we obtain
Then after choosing a subsequence (N k ) there exists a set N ⊂ [0, 1] of measure zero such that
Applying the coordinate functionals for (h m ) m∈N to (3.3) shows that for ω ∈ N c the unique coefficients (h * m (g(ω))) of the expansion of g(ω) with respect to (h m ) m∈N satisfy h * 2m−1 (g(ω)) = − This contradicts the choice of (a m ) m∈N and therefore A cannot be R-sectorial.
Note that by taking the adjoint operators A * of the above counterexamples one obtains counterexamples on the range p ∈ (1, 2). Further, the above argument works for every Banach space that admits an unconditional normalized non-symmetric basis [Fac14] . This allows one to prove the following result by N.J. Kalton & G. Lancien [KL00] . Proof. For the surjectivity let B be a strip type operator such that iB generates a C 0 -group (U (t)) t∈R of type < π. Then by Monniaux's theorem [Mon99, Theorem 4.3] there exists a sectorial operator A with bounded imaginary powers such that A it = U (t) for all t ∈ R. Moreover, (U (t)) t∈R is generated by i log A. It then follows from the uniqueness of the generator that B = log A.
For the injectivity assume that log A = log B for two sectorial operators from the left-hand side. Then by [Haa06, Corollary 4.2.5] one has A = e log A = e log B = B.
Remark 4.3. In [Haa03] M. Haase shows that for every strip type operator B with ω st (B) < π such that iB generates a C 0 -group (U (t)) t∈R of arbitrary type there exists a sectorial operator A with A it = U (t) for all t ∈ R. If one chooses B as above such that (U (t)) t∈R has group type bigger than π (which is possible on some UMD-spaces) one sees that there exists a sectorial operator A with ω BIP (A) > π. By taking suitable fractional powers of A one then obtains a sectorial operatorÃ with ω(Ã) < ω BIP (Ã) < π.
Because of the above results, for a moment, we restrict our attention to a UMDspace X. A particular class of sectorial operators with bounded imaginary powers are those with a bounded H ∞ -calculus. Recall that a sectorial operator A on X with a bounded H ∞ -calculus satisfies ω R (A) = ω BIP (A) = ω H ∞ (A) by Theorem 2.9. In particular one has ω BIP (A) < π. For sectorial operators with a bounded H ∞ -calculus one can formulate an analogous correspondence which essentially follows from an unpublished result of N.J. Kalton & L. Weis.
In the following for a C 0 -group (U (t)) t∈R on some Banach space we call the infimum of those ω > 0 for which R e −ω|t| U (t) : t ∈ R < ∞ the R-group type of (U (t)) t∈R . B strip type operator with iB ∼ C 0 -group of R-type < π .
Proof. Let A be a sectorial operator with a bounded H ∞ -calculus. Then it follows from Theorem 2.8 and the fact that the norm of λ → λ it in H ∞ (Σ σ ) is bounded by exp(|t| σ) for t ∈ R that {e −|t|σ A it : t ∈ R} is R-bounded for all σ ∈ (ω H ∞ (A), π). In particular (A it ) t∈R is of R-type < π. Conversely, let B be from the right hand side. It then follows from an unpublished result in [KWb] (see [Haa11, Theorem 6 .5] for a proof, here one has to additionally use the equivalence of R-and γ-boundedness for Banach spaces with finite cotype) that the R-type assumption implies that B has a bounded H ∞ -calculus on some strip of height smaller than π. By [Haa06, Proposition 5.3.3], the operator e B is sectorial and has a bounded H ∞ -calculus. The one-to-one correspondence then follows as in the proof of Theorem 4.2.
From the above theorems it follows immediately that on L p for p ∈ (1, ∞) \ {2} there exist sectorial operators with bounded imaginary powers which do not have a bounded H ∞ -calculus. Note that the constructed counterexample is exactly the same as in Example 3.8 which was obtained by different methods except for the fact that we worked in Example 3.8 with the periodic shift. Of course, we could have started with the same periodic shift in Corollary 4.5. 4.1. Some Results on Exotic Banach Spaces. In this subsection we want to investigate shortly sectorial operators on exotic Banach spaces. In the past twenty years Banach spaces were constructed whose algebra of operators has an extremely different structure from those of the well-known classical Banach spaces. The most prominent examples are probably the hereditarily indecomposable Banach spaces. It is a deep result of B. Maurey and T. Gowers that such (separable) spaces do actually exist [GM93] . We are now interested in the properties of C 0 -semigroups on such spaces. We will use the following theorem proved in [RR96, Theorem 2.3].
Theorem 4.7. Let X be a H.I. Banach space. Then every C 0 -group on X has a bounded generator.
The above result can be directly used to show the following result on operators with bounded imaginary powers. Proof. Let A be as in the assertion. Note that (A it ) t∈R is a C 0 -group with generator i log A. By Theorem 4.7 log A is a bounded operator. This implies that e log A = A is bounded.
In particular on H.I. Banach spaces the structure of sectorial operators with a bounded H ∞ -calculus is rather trivial.
Corollary 4.9. Let A be an invertible sectorial operator on a H.I. Banach space. Then the following assertions are equivalent.
(i) A is a bounded operator.
(ii) A has bounded imaginary powers.
(iii) A has a bounded H ∞ -calculus.
Proof. The implication (i) ⇒ (iii) can easily directly be verified and holds for every Banach space, (iii) ⇒ (ii) also holds on every Banach space as discussed before and (ii) ⇒ (i) follows from Corollary 4.8.
Note that since every Banach space contains a basic sequence [AK06, Corollary 1.5.3], there exist H.I. Banach spaces that admit Schauder bases. Then by Proposition 3.5 on these spaces there exist semigroups with unbounded generators which cannot have bounded imaginary powers. In particular the structure of semigroups on these spaces is not trivial. We do not know how R-sectoriality behaves in these spaces.
Counterexamples III: Pisier's Counterexample to the Halmos Problem
We now present a counterexample to the last implication left open, namely that there exists a C 0 -semigroup with generator −A and ω H ∞ (A) = π 2 which does not have a loose dilation. The key ingredient here is Pisier's counterexample to the Halmos problem [Pis97] (for a more elementary approach see [DP97] ). He constructed a Hilbert space H and an operator T ∈ B(H) that is polynomially bounded, i.e. for some K ≥ 0 one has p(T ) ≤ K sup |z|≤1 |p(z)| for all polynomials p, but is not similar to a contraction, i.e. there does not exist any invertible S ∈ B(H) such that S −1 T S is a contraction.
Theorem 5.1. There exists a generator −A of a C 0 -semigroup (T (t)) t≥0 on some Hilbert space with ω H ∞ (A) = π 2 such that (T (t)) t≥0 does not have a loose dilation in the class of all Hilbert spaces. Proof. Let T and H be as above from Pisier's counterexample to the Halmos problem. It is explained in [LM98, Proposition 4.8] that the concrete structure of T allows one to define A = (I + T )(I − T ) −1 which turns out to be a sectorial operator with ω(A) = π 2 . Moreover, it is shown that −A generates a bounded C 0 -semigroup (T (t)) t≥0 on H. Further, it follows from the polynomial boundedness of T with a conformal mapping argument that A has a bounded H ∞ -calculus with ω H ∞ (A) = π 2 [LM98, Remark 4.4]. Now assume that (T (t)) t≥0 has a loose dilation in the class of all Hilbert spaces. Then it follows from Dixmier's unitarization theorem [Pau02, Theorem 9.3] that (T (t)) t≥0 has a loose dilation to a unitary C 0 -group (U (t)) t∈R on some Hilbert space K, i.e. there exist bounded operators J : H → K and Q : K → H such that Now let A be the unital subalgebra of L ∞ ([0, ∞)) generated by the functions x → e −itx for t ≥ 0, where we identify elements in L ∞ ([0, ∞)) with multiplication operators on the Hilbert space L 2 ([0, ∞) ). This gives A the structure of an operator space. We now show that the algebra homomorphism u : A → B(H), e −it· → T (t)
is completely bounded with respect to this operator space structure for A. Indeed, observe that by Stone's theorem on unitary groups and the spectral theorem for self-adjoint operators there exists a measure space Ω and a measurable function m : Ω → R such that after unitary equivalence U (t) is the multiplication operator with respect to the function e −itm for all t ∈ R. Now for n ∈ N let Here we have used the identification of the C * -algebras M n (L ∞ (Ω)) ≃ L ∞ (Ω; M n ) for all n ∈ N. We deduce from Theorem [Pau02, Theorem 9.1] that (T (t)) t≥0 is similar to a semigroup of contractions. However, since by construction T is the cogenerator of (T (t)) t≥0 , this holds if and only if T is similar to a contraction [SNFBK10, III, 8] . This is a contradiction to our choice of T .
